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The category of topological algebras we are concerned with is that of m- 
barreled ones for which the underlying topological vector space is not necessarily 
locally convex. These algebras specialize to FrCchet locally m-convex (topo- 
logical) algebras (Michael) or to (locally m-convex) inductive limits of such 
(Warner) and they are characterized from being such that every balanced, con- 
vex, closed, idempotent and absorbing set (m-barrel) in such an algebra to be 
a local neighborhood. For a topological algebra of this kind, the equicontinuous 
sets of its spectrum, the weakly relatively compact sets and the weakly bounded 
sets are the same (Corollary 2.1). As a consequence, in case of a commutative, 
advertibly complete, m-barreled locally m-convex algebra, equicontinuity of its 
spectrum is equivalent with the algebra being bounded, or even a Q-algebra, 
or its spectrum a weakly relatively compact subset of the respective topological 
dual space (Corollary 2.4). This specializes to a previous result of E. A. Michael. 
Now, for an m-barreled topological algebra E, whose the underlying topo- 
logical vector space is a Ptak locally convex one, the algebraic exactness of 
the sequence 
0 --f E 5 @(J(E)) 4 0, 
where g is the respective Gel’fand map, implies the sequence to be also 
topologically exact (: g is a topological isomorphism) in such a way that the 
spectrum of E is a k-space and the topology of the algebra is that of the uniform 
convergence on the closed equicontinuous subsets of its spectrum (Theorem 3.1). 
For Frechet algebras this yields a result of S. Warner (Corollary 3.1), the 
spectrum of the algebra being, moreover, in this case a (Hausdorff completely 
regular) hemicompact k-space. Further information, but of a more technical 
nature, in case of a commutative, semi-simple, m-barreled topological algebra 
concerning a situation resembling that of the classical Gel’fand-Neumark 
representation theorem is provided by Theorem 3.2 and its Corollary. This 
extends also previous results of P. D. Morris and D. E. Wulbert. 
The last section contains material indicating that local equicontinuity of 
the spectrum of a topological algebra is not always a necessary condition as 
it concerns some basic formulas relating the spectrum of a topological tensor 
product algebra to the spectra of the factor algebras (Theorem 4.1). 
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1. INTRODUCTION 
The present paper aims at giving supplementary information 
regarding representations of topological algebras as suitable function 
algebras. In particular, it reinforces recent analogous results of 
P. D. Morris and D. E. Wulbert [13], whose work was also the 
motivation to the present study. The topological algebras we deal with 
in the sequel are, in particular, m-barreled ones (cf. Section 2 
below) for which the underlying topological vector space is not 
necessarily locally convex, i.e., the m-barreled locally convex algebras 
are those we have previously considered in [ll]. The latter case has 
also been implicitly used by E. A. Michael (cf. [12, p. 17, Prop. 4.2, 
cond. g] ; cf. also [l 11) an d consitutes a class of algebras wider than 
that of the barreled locally convex algebras considered in [13]. On 
the other hand, the class of m-barreled locally m-convex algebras 
already considered in [18, p. 192-1931 is a genuine subclass of all the 
preceding classes of algebras (cf. also [ll, Section 21). The present 
setting is a natural outgrowth of the formalism already established 
in [ll] (cf., in particular, Sections 2,3) the technique of which is 
essentially applied in the sequel. Finally, in the last section we consider 
topological tensor products of function algebras in connection with the 
interrelation of the spectra of the algebras involved (cf. Section 4, 
Theorem 4.1 and the discussion following it). It is proved that local 
equicontinuity of the spectra of the algebras considered in this case 
is not a necessary condition to obtain the basic formula relating to the 
spectra of these algebras (cf., [lo, p. 104, Th. 2.11). The motivation 
in this case was a recent research announcement by W. E. Dietrich [2]. 
2. m-BARRELED ALGEBRAS 
Let E be a Hausdorff topological vector space. A subset A of E is 
said to be a barrel if it is a balanced, convex, closed and absorbing set. 
Now, suppose that E is equipped with a separately continuous 
multiplication making it a topological algebra. In this case, a subset A of 
E is said to be an m-barrel if it is an idempotent barrel, i.e., it satisfies 
the condition A * A _C A (idempotent subset of E; cf. [12], p. 8, 
Def. 1.1) and it is also a barrel for the topological vector space E. 
A topological algebra is called m-barreled if every m-barrel in it is a 
neighborhood of the zero element. 
Barreled (topological vector) spaces which are also topological 
algebras are examples of m-barreled topological algebras. In the 
5W6/3-s 
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following we consider the underlying topological vector spaces of the 
topological algebras we deal with to be locally convex spaces, so that 
that term defined above will be referred to as m-barreled locally convex 
algebras (cf. also the relevant discussion in [ll, Section 21). 
Now, let E be a topological algebra and let m(E) be its spectrum, 
i.e., the set of all nonzero continuous complex homomorphisms of E 
endowed with the relative weak topology induced on it by ES’, the 
weak topological dual of the topological vector space E (cf. also 
PI, [lo]). Now, g iven an element x E E, its Gel’fand transform, denoted 
by R, is the image of x under the Gel’fand map g : E I+ %(%I(E)) 
which is an algebraic homomorphism of E introduced into the algebra 
of all complex continuous functions on1)32( E), defined by g : x w g(x) = 
2 : fl-• S(f) = f(x), f or every x E E and f E !lX( E). By definition of the 
topology on cm(E), the complex function 2 on ‘&N(E), thus defined, is 
continuous. 
Under the preceding circumstances, an element x E E is said to be 
bounded if the corresponding Gel’fand transform L$ is a bounded 
function on %X(E). We say that the topological algebra E is bounded 
if every element of it is bounded. 
The following theorem is a slight strengthening of Theorem 2.2 in 
Ref. [ 111. It is also a strengthened form of an analogous result in [13, 
p. 334, Theorem 6.11. Thus, we have: 
THEOREM 2.1. Let E be an m-barreled topological algebra whose 
spectrum ism(E). Then, a subset of m(E) is weakly compact if, and only 
if, it is weakly bounded. 
Proof. The condition is necessary (cf. [5, p. 146, Proposition 71). 
Now, if A C Y%%(E) is weakly bounded, then its polar set A0 is a balanced 
convex and absorbing subset of E, which is also idempotent and weakly 
closed and hence closed in the initial topology of E (cf. [5, p. 190, 
Proposition 1, and p. 198, Proposition 3]), i.e. an m-barrel in E and 
hence a neighborhood of zero in E. Therefore, the bipolar set Aa is an 
equicontinuous subset of E’, and a fortiori A C Am, so that the 
assertion now follows from the Alaoglu-Bourbaki theorem (cf., for 
instance, [5, p. 201, Theorem 11). 
By the proof of the preceding theorem, we actually obtain the 
following 
COROLLARY 2.1. Let E be an m-barreled topological algebra whose 
spectrum is %X(E). Then, the following collections of subsets of m(E) are 
identical: 
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(1) the equicontinuous sets, 
(2) the weakly relatively compact sets, 
(3) the weakly bounded sets. 
Now, if the topological algebra E has an identity element, then its 
spectrum!lX(E) is a (weakly) closed subset of E’ (cf. [12, p. 25, Lemma 
6.21). 
By an obvious adaptation of the proof of Theorem 2.1 above and the 
definition of a bounded algebra, we get the following corollary. Its 
second part follows from the preceding remarks and has a special 
bearing on Corollary 6.2 of [13, p. 3341: 
COROLLARY 2.2. Let E be an m-barreled topological algebra whose 
spectrum is?IJI(E). Then, %X(E) is weakly) relatively compact (with respect ( 
to E,‘) zf, and only sf, E is bounded. In particular, sf the algebra E 
has an identity element, then SR(E) is compact if, and only $, E is 
bounded. 
Now, let E be a topological algebra whose spectrum is ‘D(E). Then, 
m(E)+ = ‘D(E) u {O] C E ’ is called the extended spectrum of E (cf. 
also [l, p. 2581). It is a weakly closed subset of E’ (cf. [12, p. 25, Lemma 
6.2]), so that by a similar argument as for the proof of Corollary 2.2 
above, we conclude that an m-barreled topological algebra E is bounded 
f, and only q, !lR(E)+ is compact (with respect to ES’). This, together 
with the argument used in the proof of Theorem 2. I (cf. also Corollary 
2.1 above), gives the following: 
COROLLARY 2.3. Let E be an m-barreled topological algebra and let 
m(E) be its spectrum. Then, the following assertions are equivalent: 
(I) E is bounded; 
(2) %8(E)+ is weakly compact; 
(3) !IJI(E) is epuicontinuous. 
A topological algebra E is said to be a Q-algebra if the set of quasi- 
regular elements of E is open (cf. [12, p. 80, Definition E.11). In case 
E is a locally convex (topological) algebra, one has an equivalent 
definition by requiring the set Y(E) of those elements x E E, the 
spectral radius rE(x) of which satisfies the relation rE(x) < 1, to be a 
neighborhood of 0 in E [12, pp. 57-58, Proposition 13.51. 
From the preceding we have now the following theorem, which is 
essentially due to S. Warner (cf. [17, p. 7, Proposition lo]). 
472 MALLIOS 
THEOREM 2.2. (S. Warner). Let E be a locally m-convex algebra 
and let ‘332(E) be its spectrum. Consider the following assertions: 
( 1) E is a Q-algebra; 
(2) 9X(E) is relatively compact (with respect to E,‘); 
(3) E is a bounded algebra. 
Then, we have the following implications: (1) => (2) + (3). Moreover, if 
E is a commutative, advertibly complete, m-barreled (locally m-convex) 
algebra, then all three assertions are equivalent. 
Proof. In the context of Ref. [17, p. 7, Theorem 61, (1) implies that 
VI(E) is an equicontinuous subset of E’ and hence relatively compact 
(Alaoglu-Bourbaki), so that E is a bounded algebra (cf. Theorem 2.1 
or [5, p. 146, Proposition 7]), which proves the first part of the 
assertion. (2) now follows from Ref. [17, p. 7, Theorem 61 and 
Corollaries 2.2 and 2.3 above. 
Combining the preceding theorem with Corollaries 2.2 and 2.3 
above, we obtain, by the following corollary, a slightly strengthened 
form of a result of E. A. Michael (cf. [12, p. 59, Theorem 13.61. Thus, 
we have 
COROLLARY 2.4. (E. A. Michael). Let E be a commutative, 
advertibly complete [17], m-barreled locally m-convex algebra. Then, 
the following assertions are equivalent: 
(1) E is a bounded algebra; 
(2) E is a Q-algebra; 
(3) ‘%X(E)+ is a weakly compact subset of E’; 
(4) %X(E) is equicontinuous; 
(5) 9X(E) is a weakly relatively compact subset of E’. 
Remarks. (1) In connection with the preceding results, we note that 
a locally m-convex Q-algebra is always advertibly complete and has an 
equicontinuous spectrum (cf. [17, p. 7, Theorem 6]), this last property 
being essentially applied in [S, p. 178, Theorem 4.2 and p. 179, 
Theorem 4.31. 
(2) The consideration of m-barreled topological algebras for 
which the underlying topological vector space is not necessarily locally 
convex is supported by the recent use in the literature of complete 
metrizable topological (not necessarily locally convex) algebras. These 
are Baire (topological) algebras and hence, in particular, m-barreled 
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ones (cf. [15, p. 346, Proposition 33.21). In this connection, see 
[20, p. 231 and [12, Section 2, Remark]. 
(3) Another important class of m-barreled topological algebras, 
not necessarily locally convex, is provided by considering “inductive 
limits” of such algebras in analogy with Proposition 2.1 of [l 11. In this 
respect, cf. [6, p. 286, Section 21. 
3. FUNCTIONAL REPRESENTATIONS 
We consider below conditions under which a topological algebra, in 
particular an m-barreled, locally convex one, is represented as the 
algebra of all (complex) continuous functions on its spectrum, the 
latter algebra being equipped with the topology of compact conver- 
gence. The results obtained comprise previous information on the 
same subject as it is indicated below. Thus, we have, first, the following 
lemma which has a special bearing on Corollary 6.3 of Ref. [13, 
p. 3341. 
LEMMA 3.1. Let E be an m-barreled topological algebra whose 
spectrum is %X(E). Then, 9+VI(E)), the space of complex continuous func- 
tions on ‘9X(E) endowed with the topology of compact convergence, is a 
barreled locally convex space and hence an m-barreled (locally convex) 
algebra. 
Proof. ‘B(E) b . g em a completely regular Hausdorff space, %?(!IX(E)) 
is a barreled (locally convex) space if, and only if, every weakly bounded 
subset of B(E) is weakly compact (cf. Nachbin-Shirota in Ref. [19, 
p. 265, Theorem C, and also p. 2721). Now, this condition,is satisfied 
by the hypothesis for E and Theorem 2.1 above. Hence, %‘(2X(E)) is a 
barreled, locally convex space, which is actually a locally m-convex 
algebra, so that it is a barreled locally m-convex algebra and a fortiori 
an m-barreled one, which proves the assertion. 
Now, based on the preceding lemma we get a strengthened version 
of a previous result due to S. Warner concerning the topology of the 
spectrum of a full FrCchet (locally m-convex) algebra (cf. [19, p. 269, 
Theorem 4]), which also was the positive answer to a question raised 
by E. A. Michael ([12, p. 38, Remark following Proposition 8.51). We 
need first the following comments to fix the terminology applied. 
A locally convex algebra is said to be a Ptdk algebra if the under- 
lying locally convex space is a Ptak space (cf. [5, p. 299, Definition 21). 
The intervene of Ptak spaces in the following discussion is made by 
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the use of a form of the open-mapping theorem, which we at present 
apply in Theorem 3. I below and which also is essentially involved in the 
definition of such spaces. Thus, if E is a PtQk space and F a barreled 
space, then every continuous linear map of E onto F is an open map 
(cf. [5, p. 299, Proposition 2 and p. 106, Theorem 11). 
The following terminology will also be applied in the sequel (cf. 
Theorem 3.1 and its Corollary and Section 4 below). 
A (Hausdorff) topological space X is said to be a k-space if its 
topology is “determined by the compact subsets” of X, i.e., an A 2 X 
is open if, and only if, A n K is open in K for every compact K in X 
(cf. [3, p. 248, Definition 9.21). 
Now, a (Hausdorff) topological space X is called hemicompact if it is 
the union of a sequence of compact subsets such that each compact 
in X is contained in some member of the sequence in question. (The 
terminology is due to R. Arens; cf. [12, p. 251.) 
Under the preceding circumstances we now have the following: 
THEOREM 3.1. Let E be a commutative, semisimple, m-barreled, 
Ptdk locally convex algebra for which the Gel’fand map g : E I+ %?(!?.R(E)) 
is an onto map (i.e., g is an algebraic onto isomorphism). Then g is a 
topological isomorphism (i.e., a homeomorphism) and 9X(E) is a k-space. 
Moreover, the topology of E, when this is identified with %(!JJI(E)), 
coincides with that of the umform convergence on the (closed) equi- 
continuous subsets of 2X(E). 
Scholium. The “commutativity” of the algebra E has been actually 
inserted in the preceding theorem (and this is also applicable to the 
next propositions of this section) because of the term semisimple, by 
which we really mean the corresponding Gel’fand map g to be 
one-to-one. This actually implies the commutativity of the respective 
algebra, the latter being a subalgebra of some U(X), which might be 
objectionable in view of the common usage of the term semisimple. 
Now, the algebra E being also a Ptak algebra and hence a Ptak (locally 
convex) space, it is complete (cf. [5, p. 299, Proposition 3(b)]), so that 
by the conclusion of Theorem 3.1 E is in fact a commutative complete 
locally m-convex algebra (cf. also the proof that follows). 
Proof of Theorem 3.1. By the hypothesis, g is an algebraic onto 
isomorphism, which is also continuous since E is an m-barreled algebra 
(cf. [ll, p. 306, Corollary 3.11). On the other hand, by Lemma 3.1 
above, the range of g is a barreled space, so that by the hypothesis for 
E and the comments preceding the statement of the theorem, g being 
an onto map it is open, i.e., a topological isomorphism (cf. also [5, 
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p. 307, remarks following Proposition 131). Therefore, V(%N(E)) is a 
Pt& locally convex space (in fact, a Ptak locally m-convex algebra, as 
it is next proved), so that %X(E) is a K-space (V. Pt&: Cf., [19, p. 267, 
comments preceding Theorem 21). Now, the last part of the assertion 
is an immediate consequence of Corollary 2.1 of this paper, and the 
proof is finished. 
In particular, if the algebra E in the preceding theorem is a Frechet 
algebra (cf. [5, p. 299, Proposition 3(a)]), then from [19, p. 267, 
Theorem 2]), we get the following corollary, which is the result of 
S. Warner mentioned above [19, p. 269, Theorem 41 and also [13, 
p. 334, Theorem 6.41, i.e., we have: 
COROLLARY 3.1. (S. Warner). Let E be a Frt!chet (locally convex) 
algebra for which the Gel’fand map is an algebraic onto isomorphism. 
Then, this map is a homeomorphism and the spectrum of E is a hemi- 
compact k-space. 
In connection with the preceding results, we remark that a Hausdorff 
completely regular hemicompact k-space is not necessarily locally 
compact [19, p. 2671). 
Now, motivated by the corresponding terminology in [12, p. 35, 
Definition 8.31, we call a topological algebra E for which the Gel’fand 
map g : E H %(1131(E)) is an algebraic onto isomorphism (cf. Theorem 
3.1 above) a full algebra (cf. also [13, p. 3341). 
Let E be a topological algebra whose spectrum is m(E) and let 
g : EN @+JJI(E)) be th e corresponding Gel’fand map. Moreover, 
consider on the range of g the topology of uniform convergence on 
the (closed) equicontinuous subsets of m(E). Then, the inverse image 
(initial) topology on E defined by g is called the Michael topology on E 
(cf. also [13, p. 3291 and [12, p. 351). By its definition, it is a locally 
m-convex topology on E (cf. also [12, p. 10, Proposition 2.41). 
A topological algebra E is said to be a Michael algebra if the given 
topology on E coincides with the Michael topology on it. 
According to the preceding, Theorem 3.1 above and its corollary 
may be restated as follows: Any full, m-barreled, Ptdk algebra-in parti- 
cular, any fill Frt&het (locally convex) algebra-is a Michael algebra. 
In connection with the topological algebras considered in the fore- 
going, we remark that a (commutative) 29%algebra (cf. [9, p. 55, 
Appendix]) is an example of a (commutative) complete, m-barreled 
locally m-convex algebra (cf. also [l 1, Proposition 2.11). 
Now, let E be a topological algebra, whose spectrum is !JJI(E) and let 
g : E tt V(m(E)) be the corresponding Gel’fand map. Furthermore, 
476 MALLIOS 
consider on the range of g the topology of compact convergence. Let T 
be the inverse image (initial) topology on E defined by the Gel’fand 
map, which is a locally m-convex topology on E (cf. also the discussion 
above) and let E# be the topological dual of E equipped with T, i.e., 
E# = (E[T])’ (cf. also [13, p. 335, Definition 6.61). Now, if the map g 
is continuous with respect to the given topology on E, e.g., if E is an 
m-barreled (topological) algebra, then E# $ E’ (cf. also [ll, Corollary 
3.11). In this respect, we remark that an extension of this result as well 
as of Theorem 3. I of [ 1 l] and the relevant results of that paper to the 
case of topological algebras, not necessarily locally convex, could be 
given along the lines of the present paper. We consider below 
conditions under which the two spaces coincide (cf. Theorem 3.2 
below), but before we do so, let me offer some comments on the 
terminology applied. 
A (Hausdorff) locally m-convex algebra E, whose topological dual is 
E’, is said to be a Warner algebra if its topology is the strongest locally 
m-convex topology on it whose dual is E’. (In this respect, cf. also the 
discussion in [18, p. 2021). 
A topological algebra E is called a Muckey algebra if the underlying 
topological vector space is a Mackey space. 
By definition, any Mackey algebra is a locally convex (topological) 
algebra. Every Banach algebra and, more generally, any linear 
inductive limit of normed algebras [18] is a Mackey algebra. On the 
other hand, any Mackey (Hausdorfs) locally m-convex algebra is a 
Warner algebra: This follows immediately from the corresponding 
definitions. More generally, any inductive limit of (Hausdorfj 
bornological locally m-convex algebras, considered as a HausdorfJ 
locally m-convex algebra [18], is a Warner algebra (cf. also [18, p. 203, 
Theorem 4 and p. 204, Proposition 61). The Cartesian product of any 
family of Warner algebras is also a Warner algebra (p. 210, Proposi- 
tion 9). In connection with the preceding, it seems to be an open 
question whether the two notions of topological algebras considered 
above are equivalent (cf., for instance, [18, p. 202 and p. 215, Section 
7.31). 
We are now in a position to prove the following: 
THEOREM 3.2. Let E be a commutative semisimple, m-barreled 
topological algebra and let !JJI(E) be its spectrum. Moreover, consider the 
following statements: 
(I) E is a Warner algebra with respect to the relative topology 
induced on it by ‘&,(!J.R(E)), th e s p ace of complex continuous functions on 
)132(E) endowed with the topology of compact convergence. 
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(2) There exists a family P of submultiplicative seminorms on E 
( i.e., one has for every seminorm p E I’, p(xy) < p(x)p(y) for any 
x, y E E) defining its topology such that for every p E I’, p(x”) = (p(x))” 
for every x E E. Then, (1) implies (2) and (2) implies that the given 
topology on E coincides with the relative topology induced on it by 
~cWm(E>>. I P t 1 n ar icu ar, each one of them implies that E# = E’. 
Proof. Let r be the relative topology on E induced on it by 
VJYJI(E)) and let T,, be the given topology on E. Now, by hypothesis r,, 
is actually a Hausdorff locally m-convex topology and 
E# = (E[T])’ = E’ = (E[v-,I)’ 
and hence 7,, < 7. On the other hand, since E is an m-barreled (locally 
m-convex) algebra, g is continuous (cf. [l 1, Corollary 3.1]), so that 
T < T,, , i.e., 7 = i0 and g is a homeomorphism of E into %C#JI(E)). 
The first part of the assertion is now concluded by Theorem 4.5 of 
[13, p. 3291, since by the hypothesis for the algebra E, the topology G- 
coincides with the Michael topology on it (cf. also Corollary 2.1 above). 
Thus, we have proved that (1) 3 (2). Now, if the condition in (2) is 
satisfied, then by [13, p. 329, Theorem 4.51, the given topology on E 
coincides with the Michael topology on it and hence with the relative 
topology induced on it by VC(lIJ1(E)), since E is an m-barreled algebra 
(cf. also Corollary 2.1 of this paper), which proves the second part of 
the assertion. Finally, the last part of the assertion was implicitly 
proved above in the first case, and concerning its deducement by (2), 
this follows by the relation T = To , which is implied by (2) and has 
also been proved before, which finishes the proof. 
The preceding result extends several aspects of Theorem 6.7 of 
[13, p. 3351, although it does not provide equivalent statements as that 
theorem does. Nevertheless, we get a strengthened version of the same 
theorem, along the lines of the present paper, in the form of the 
following: 
COROLLARY 3.2. Let E be a commutative, semisimple, m-barreled 
topological algebra whose spectrum is %X(E). Then, the following two 
statements are equivalent: 
(1) There exists an (algebra) norm /) * Ij on E dej%ing its topology, 
such that (1 x2 // = 11 x )I2 for every x E E. 
(2) E is bounded, and E# = E’. 
Proof. By [13, p. 331, Theorem 4.61 and the hypothesis for the 
algebra E, the given topology on E coincides with the relative topology 
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induced on it by q@(E)), so that E# = E’ (cf. also the proof of 
Theorem 3.2 above). Moreover, E is bounded by Corollary 2.3 of this 
paper, i.e., we have proved that (1) + (2). Conversely, by the 
hypothesis for E and Corollary 2.3 it follows that ‘93(E)+ is a (weakly) 
compact subset of E’, therefore ~,(‘BI(E)+) is a normed algebra and 
hence also g(E) in the relative topology, i.e., g(E) is a bornological 
algebra and hence a Mackey algebra. Now, by the relation E# = E’, 
one obtains that T,, < T (cf. the proof of Theorem 3.2 for the notation 
applied) and hence, since E is m-barreled, we also have that T < TV 
(cf. [ll, Corollary 3.1]), th t s a i 7 = T, ,  and g is a homeomorphism, 
which proves that (2) + (l), and the proof is finished. 
4. TENSOR PRODUCTS OF FUNCTION ALGEBRAS 
We consider below topological tensor products of function algebras 
in connection with the formula relating the spectrum of such a function 
(topological) t ensor product algebra to the spectra of the factor 
algebras. It is shown (cf. Theorem 4.1 below) that equicontinuity or, 
more generally, local equicontinuity of the spectra interrelated is not, 
in general, a necessary condition to obtain the formula in question. 
This approach has been essentially employed in previous considera- 
tions (cf., for example [8], [lo]). 
The topological spaces considered in the following are supposed to 
be Hausdorff. Now, let X be a completely regular space and let V(X) 
be the algebra of complex continuous functions on X, equipped with 
the topology of compact convergence. Then, V(X) is a (commutative) 
locally m-convex algebra with identity element, the spectrum of which is 
given by ‘%R(%?(X)) = X, within a homeomorphism (cf. [12, p. 10, 
Proposition 2.41 and [13, p. 325, Corollary 2.31). In particular, if X is 
a K-space (cf. [7, p. 2301) and E a complete locally convex algebra, 
then the algebra 9(X, E) of E-valued continuous functions on X, 
topologized as above, is a complete locally convex algebra (cf. [7, 
p. 231, Theorem 12 [and also] 16, p. 42, Section 21). Thus, we have: 
LEMMA 4.1. Let X be a completely regular k-space and let E be a 
complete locally convex algebra. Then, U(X, E), the set of all E-valued 
continuous functions on X endowed with the topology of compact 
convergence in X, is a complete locally convex algebra, such that 
U(X, E) = U(x) @c E, (4.1) 
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within a topological (algebraic) isomorphism (E denoting the biprojective 
tensorial topology [4, Chap. I, p. 89, Definition 51). 
Proof. By the preceding discussion (cf. also [19, p. 266, Theorem 
l]), V(X, E) is a complete locally convex algebra. The remaining part 
of the assertion is now based on the fact that %‘(X) @ E is a dense 
subalgebra of V(X, E). This follows by reducing it to the case X is 
compact, which is well known (cf., for example, [4, Chap. I, pp. 
89-go]), and then to the general case, according to the definition of the 
topology on %?(X, E) (cf. also [14, p. 38, Remark 2]), which finishes the 
proof. 
We are now in a position to prove the following: 
THEOREM 4.1. Let X, Y be two completely regular k-spaces and 
suppose that X x Y is a k-space. Then, 
V(X x Y) = U(X, s??(Y)) = U(X) @< V(Y), (4.2) 
the function algebras indicated being equipped with the topology of 
compact convergence and E denoting the biprojective tensorial topology. 
Moreover, regarding the spectra bf the topological algebras considered, 
we have 
rn(%yX) a, V(Y)) = !m(%qX x Y)) = x x Y = YJyqX)) x !m(~(Y)), 
within a homeomorphism. 
(4.3) 
Proof. Since X x Y is, by hypothesis, a k-space, one concludes the 
first part of (4.2) (cf. [3, p. 265, Theorem 5.31). The remaining part of 
it is now a consequence of Lemma 4.1 for E = V(Y). On the other 
hand, follows from the discussion preceding Lemma 4.1 above, and 
the proof is finished. 
Scholium. The preceding result strengthens when in the special 
case of the function algebras considered-the analogous situation one 
has for topological tensor algebras under the condition of local equi- 
continuity for the spectra of the topological algebras involved (cf., for 
instance, [8, p. 178, Theorem 4.21 and [lo, p. 104, Theorem 2.11). 
Now (4.3) shows that, for the case under consideration, this is not a 
necessary condition. In particular, this relation holds true for 
topological algebras admitting a functional representation, e.g., for 
full FrCchet (locally convex) algebras (cf. Section 3 in the preceding, 
in particular, Theorem 3.1 and Corollary 3.1). In this connection, cf. 
also [2, Theorem I]. 
MALLIOS 
Note added in proof. While the present paper was under publication, a detailed 
account of the work of W. E. Dietrich, Jr. has appeared, under the same title. 
as in Ref. [2], in Math. Ann. 183 (1969), 201-212. Lemma 4.1 of this paper is 
Theorem 3 of that paper (p. 206), where a complete proof can also be found. 
In connection with the present discussion a paper by W. E. Dietrich, Jr., The 
Gel’fand degree of a topological algebra (to appear in Math. Ann.) is also of interest. 
In particular, the (topological) exact sequence of topological algebras considered in 
the abstract of the present paper is examined in the case this sequence is to be suitably 
continued to obtain a topological algebraic isomorphism. 
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